




































Ìîñêîâñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò èìåíè Ì.Â.Ëîìîíîñîâà

Äîïîëíèòåëüíîå âñòóïèòåëüíîå èñïûòàíèå ïî ìàòåìàòèêå

èþëü�àâãóñò 2023 ãîäà

ÂÀÐÈÀÍÒ 238

ÎÒÂÅÒÛ

1.
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3
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3. x = π
4
+ kπ, π

4
± π

6
+ 2kπ, k ∈ Z

4. x = 1
4
, 1
3

5. 8
√
3

6.
3
√
2

2

7. 1 +
√
2

ÐÅØÅÍÈß

1. Íàéäèòå f
(9
4

)
, åñëè èçâåñòíî, ÷òî f(x) =

2

x− 3
+

3

x− 2
.

Ðåøåíèå: f
(9
4

)
=

8

9− 12
+

12

9− 8
= 12− 8

3
=

28

3
.

Îòâåò:
28

3

2. ×åìó ðàâíà ñóììà âûðàæåíèé
√
2023 + t2 è

√
999 + t2, åñëè èõ ðàçíîñòü ðàâíà 8?

Ðåøåíèå: Ñóììà ðàâíà
√
2023 + t2 +

√
999 + t2 =

(2023 + t2)− (999 + t2)√
2023 + t2 −

√
999 + t2

=
1024

8
= 128.

Îòìåòèì, ÷òî òîãäà
√
2023 + t2 = (128 + 8)/2 = 68, òî åñòü, t2 = 682 − 2023 > 3600 − 2023 > 0,

ñòàëî áûòü, óñëîâèå êîððåêòíî.

Îòâåò: 128

3. Ðåøèòå óðàâíåíèå
√
3 cosx−

√
2 cos 2x−

√
3 sinx = 0.

1



Ðåøåíèå: Ïðåîáðàçóåì óðàâíåíèå ê âèäó

cos 2x =
√
3 cos

(
x+

π

4

)
è ñäåëàåò çàìåíó t = x+ π

4
. Ïîëó÷èì

sin 2t =
√
3 cos t,

÷òî ðàâíîñèëüíî ñîâîêóïíîñòè [
cos t = 0

sin t =
√
3
2

.

Ñòàëî áûòü, x+ π
4
= t = π

2
+ kπ, π

2
± π

6
+ 2kπ, k ∈ Z.

Îòâåò: x = π
4
+ kπ, π

4
± π

6
+ 2kπ, k ∈ Z

4. Ðåøèòå óðàâíåíèå
∣∣ log23 x− log22x 2

∣∣ = log23 x+ log22x 2− 2.

Ðåøåíèå: Çàìåòèì, ÷òî

|A−B| = A+B ⇐⇒


{
A > 0
B = 0{
B > 0
A = 0

.

Òîãäà

∣∣ log23 x− log22x 2
∣∣ = log23 x+ log22x 2− 2 ⇐⇒


{

log23 x− 1 > 0
log22x 2− 1 = 0{
log22x 2− 1 > 0
log23 x− 1 = 0

⇐⇒

⇐⇒


{
| log3 x| > 1
2x = 2, 1

2{
| log2x 2| > 1
x = 3, 1

3

⇐⇒

[
x = 1

4

x = 1
3

Îòâåò: x = 1
4
, 1
3

5. Èç òî÷êè E ïåðåñå÷åíèÿ äèàãîíàëåé AC è BD âïèñàííîãî ÷åòûð�åõóãîëüíèêà ABCD îïó-

ùåíû ïåðïåíäèêóëÿðû EK, EL, EM , EN íà åãî ñòîðîíû AB, BC, CD, AD ñîîòâåòñòâåííî,

ïðè÷�åì îñíîâàíèÿ ïåðïåíäèêóëÿðîâ ïðèíàäëåæàò ñîîòâåòñòâóþùèì ñòîðîíàì. Íàéäèòå ïëî-

ùàäü ÷åòûð�åõóãîëüíèêà KLMN , åñëè èçâåñòíî, ÷òî KL = 5, MN = 3, à ðàññòîÿíèå îò òî÷êè
E äî ïðÿìîé LM ðàâíî

√
3.

Ðåøåíèå:Ïîñêîëüêó ∠AKE = ∠ANE = π/2, ÷åòûð�åõóãîëüíèê AKEN âïèñàííûé è ∠ENK =
∠EAK êàê îïèðàþùèåñÿ íà îäíó äóãó. Àíàëîãè÷íî, ∠MNE = ∠MDE. Íî ∠EAK = ∠CAB =
∠CDB = ∠MDE, ñëåäîâàòåëüíî, NE � áèññåêòðèñà óãëàMNK, òî åñòü òî÷êà E ðàâíîóäàëåíà

îò NK èMN . Àíàëîãè÷íî, òî÷êà E ðàâíîóäàëåíà îò âñåõ ñòîðîí ÷åòûð�åõóãîëüíèêà KLMN , òî

åñòü ÿâëÿåòñÿ öåíòðîì âïèñàííîé â íåãî îêðóæíîñòè. Íî ðàç KLMN îïèñàííûé, åãî ïåðèìåòð

ðàâåí 2(KL +MN) = 16. Ðàäèóñ æå âïèñàííîé îêðóæíîñòè ðàâåí ðàññòîÿíèþ îò òî÷êè E äî

ïðÿìîé LM , êîòîðîå ïî óñëîâèþ ðàâíî
√
3, òî åñòü ïëîùàäü KLMN ðàâíà 1

2
· 16 ·

√
3 = 8

√
3.

Îòâåò: 8
√
3

2



6. Äåéñòâèòåëüíûå ÷èñëà a, b, c óäîâëåòâîðÿþò íåðàâåíñòâàì 0 < a < 1, 0 < b < 1, 0 < c < 1.
Íàéäèòå íàèáîëüøåå âîçìîæíîå çíà÷åíèå âûðàæåíèÿ

4
√
a(1− b) + 4

√
b(1− c) + 4

√
c(1− a).

Ðåøåíèå: Â ñèëó íåðàâåíñòâà ìåæäó ñðåäíèì àðèôìåòè÷åñêèì è ñðåäíèì ãåîìåòðè÷åñêèì äëÿ

ëþáûõ ïîëîæèòåëüíûõ x1, x2, x3, x4 ñïðàâåäëèâî

x1 + x2 + x3 + x4
4

=
x1+x2

2
+ x3+x4

2

2
>
√
x1x2 +

√
x3x4

2
> 4
√
x1x2x3x4.

Ñòàëî áûòü,

4
√
a(1− b) + 4

√
b(1− c) + 4

√
c(1− a) =

=
√
2

(
4

√
a(1− b) · 1

2
· 1
2
+

4

√
b(1− c) · 1

2
· 1
2
+

4

√
c(1− a) · 1

2
· 1
2

)
6

6
√
2

(
a+ (1− b) + 1

2
+ 1

2

4
+
b+ (1− c) + 1

2
+ 1

2

4
+
c+ (1− a) + 1

2
+ 1

2

4

)
=

3
√
2

2
.

Ðàâåíñòâî æå äîñòèãàåòñÿ ïðè a = b = c = 1/2.

Îòâåò:
3
√
2

2

7. Ïåðåñå÷åíèå ïëîñêîñòè è ïðàâèëüíîé òðåóãîëüíîé ïèðàìèäû ÿâëÿåòñÿ êâàäðàòîì ñî ñòîðî-

íîé 1. Íàéäèòå äëèíó ðåáðà îñíîâàíèÿ ïèðàìèäû, åñëè èçâåñòíî, ÷òî äâóãðàííûé óãîë ìåæäó

ïëîñêîñòüþ áîêîâîé ãðàíè è ïëîñêîñòüþ îñíîâàíèÿ ðàâåí arccos 1√
3
.

Ðåøåíèå: Ïîñêîëüêó ñå÷åíèå � ÷åòûð�åõóãîëüíèê, ïëîñêîñòü ïåðåñåêàåò âñå ãðàíè. Îáîçíà÷èì

âåðøèíû îñíîâàíèÿ ÷åðåç A, B, C è âåðøèíó ïèðàìèäû ÷åðåç D. Òîãäà ìîæíî ñ÷èòàòü, ÷òî

ñåêóùàÿ ïëîñêîñòü ïåðåñåêàåò ð�åáðà AB, BD, DC, CA â òî÷êàõ K, L, M , N ñîîòâåòñòâåííî.

Ïîñêîëüêó KL‖MN , ïðÿìàÿ KL ïàðàëëåëüíà âñåé ïëîñêîñòè ADC. Ñòàëî áûòü,MN‖KL‖AD.
Àíàëîãè÷íî, KN‖BC‖LM .

Ïîëîæèì a = AB, b = AD. Òîãäà êîñèíóñ äâóãðàííîãî óãëà ïðè îñíîâàíèè ðàâåí

a
2
√
3√

b2 − a2

4

=
1√

3
(
4
(
b
a

)2 − 1
) ,

÷òî ïî óñëîâèþ ðàâíî
1√
3
, îòêóäà

b

a
=

1√
2
.

Èç òîãî, ÷òî KL‖AD, LM‖BC ïîëó÷àåì:

1

a
=
LM

BC
=
DL

DB
=
DB − LB

DB
= 1− LB

DB
= 1− KL

AD
= 1− 1

b
.

Òàêèì îáðàçîì,

1

a
= 1−

√
2

a
,

òî åñòü a = 1 +
√
2.

Îòâåò: 1 +
√
2

3
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